A novel implementation of the discrete curvelet transform is proposed in this work. The transform is based on the Fast Fourier Transform (FFT) and has the same order of complexity as the FFT. The discrete curvelet functions are defined by a parameterized family of smooth windowed functions that are 2-pi periodic and form a partition of unity. The transform is named the Uniform Discrete Curvelet Transform (UDCT) because the centers of the curvelet functions at each resolution are located on a uniform grid. The forward and inverse transforms form a tight frame, in the sense that they are the exact transpose of each other. The novel discrete transform has several advantages over existing transforms, such as lower redundancy, hierarchical data structure, ease of implementation and possible extension to N dimension. Finally, we present a simple initial application of the UDCT in sparseness constraint seismic data interpolation to recover missing traces.
Introduction
During the last two decades, there have been a lot of research activities on new mathematical and computational tools for mutiresolution data representation. The wavelet transform decomposes a function on the real line as a sum of local wave-like functions at multiple scales. It is shown that the continuous wavelet functions and their discrete counterpart implemented by regular filter banks are optimal representations of one dimensional piecewise smooth signals [Mallat,1998 ]. However, the direct extension of wavelet to 2-D by the tensor product of one dimensional wavelet is no longer optimal for image representation, due to the intrinsic geometrical structure of typical natural and seismic images. Recently, Candès and Donoho constructed the curvelet transform [Candès,1999] , and proved that it is an essentially optimal representation of two-variable functions, which are smooth except at discontinuities along 2 C (twice differentiable) curve. The 2-D curvelet transform decomposes signal into a sum of basis functions that are local waves with strong directionality. The effective supports of these curvelet functions are highly anisotropic at fine scale, following a parabolic scaling rule: length 2~w idth.
Figure 1: Example of a curvelet function in the spatial (left) and in frequency domains (right).
It is argued that the representation of seismic data by the curvelet transform is optimally sparse [Herrmann, 2003] . Seismic events are indeed characterized by their relative smoothness along the direction of the wavefront and oscillatory along the wave propagation direction (Figure 1 ). It has been proved that curvelet representation for wave propagation is also optimally sparse [Candès, 2005b] .
In the last few years, several discrete curvelet and curvelet-like transforms have been proposed. They can be divided into two approaches. The first approach based on the Fast Fourier Transform (FFT) [Candès, 2005a; Chauris, 2006] ; The second is based on a filter bank implementation [Do, 2005] . The discrete transform implemented by a filter bank (FB) is also sometimes called the contourlet transform. In this paper, we propose a new "uniform" discrete curvelet transform (UDCT) that combines the advantages of the two mentioned approaches. Similar to the Fast Discrete Curvelet Transform (FDCT [Candès, 2005a] ), the UDCT is implemented by the FFT algorithm. The main difference is that the UDCT uses a parameterized family of curvelet windows defined in the next section. The redundancy of the FDCT transform is reduced by wrapping the frequency domain of the subband, while in our implementation, it is reduced by decimating the subband by diagonal integer matrices. In this sense, it can be interpreted as a FB implemented in the frequency domain. The UDCT basis functions are located on a uniform integer grid at each resolution, while the bases of FDCT are located on a non-integer grid.
2-D Curvelet window definition
Since this section contains rather involved notations, let us make our objective clear. This section aims to construct a family of N+1 smooth 2-D curvelet windows, denoted as 
1 when 1; 0 when 1; 
and (c) .
Based on the function, we define two functions of t (Figure 2c ),
A lowpass and bandpass functions in the frequency plane are defined from as .These parameters ensure that the support of
ω ω do not overlap when shifted by π in both 1 ω and 2 ω directions. [Vaidyanathan, 1993] , we can show that the reconstructed images are exact, which means the FB implements a forward and inverse discrete transform.
R∑
In order to obtain a multiresolution decomposition, another FB with the same , a b η η can be reiterated at lower band. Since we are aiming to create a discrete decomposition faithful to the curvelet transform, the number of directional subband N should follow the parabolic scaling rule. For example, a signal can be decomposed by the UDCT transform into one lowpass resolution and J directionnal resolution, number from 1 (lowest resolution) to J (highest resolution). The UDCT is implemented by cascading J multiresolution FBs that are constructed in previous section. By parabolic scaling rule, the number of directional band N j at resolution j should be proportional to
Application of the UDCT to seismic data interpolation
The UDCT, being a sparse transform with respect to seismic data, can be used in many seismic processing applications such as seismic multiple attenuation [Herrmann et al, 2007] ,
Figure 4: Synthetic data with missing trace (left) and sparseness-constraint interpolation result (right).
seismic migration [Chauris, 2006] , [Douma, 2007] , seismic demigration/migration [Chauris 2007 ]. Here we demonstrate the use of UDCT in seismic data interpolation with sparseness constraint. The algorithm is modified from an image inpainting algorithm described in [Elad, 2005] . The original algorithm is design for filling in holes in images, with the fundamental assumption that image consists of two layers: cartoon and textures. The second assumption is that the two layers have sparse representation in two incoherent dictionaries (basis functions). The algorithm is an optimization program based on the block-coordinate-relaxation method with the objective function maximizing the sparseness of the representation in two separate dictionaries. Since seismic data is sparsely represented by curvelet transform, the original algorithm is modified to use only UDCT dictionary. Figure 4 is the result of the modified algorithm to recover synthetic data with missing trace on a very simple example. The original data has 512 trace with 40 groups of missing traces, each group has 4 consecutive traces set to zero. After only 20 iterations, the recovered traces are nearly the same as the original data, except in the area closed to the border.
Conclusion
We have presented a novel discrete curvelet transform. It is parameterized by a family of smoothed window functions. It has several advantages over existing transforms, such as lower redundant ratio, hierarchical data structure and ease of implementation. If the first application on data interpolation is promising, further applications should be conducted, for example on multiple attenuation or seismic imaging.
